A theorem of A. Weil asserts that a topological group embeds as a (dense) subgroup of a locally compact group if and only if it contains a non-empty precompact open set; such groups are called locally precompact. Within the class of locally precompact groups, the authors classify those groups with the following topological properties:
Introduction
A subset X of a topological group G is precompact if for every neighborhood U of the identity in G, there is a finite S ⊆ X such that X ⊆ (SU)∩(US). It is easily seen that every subgroup (indeed, every subset) of a compact group is precompact. The local version of that statement, and its converse, are the content of a theorem of A. Weil: A topological group G embeds as a (dense) subgroup of a locally compact group G if and only if G is locally precompact in the sense that some non-empty open subset of G is precompact (cf. [63] ). For such a group G, the Weil completion G is unique in the obvious sense, and it coincides with the two-sided completion introduced by Raȋkov in 1946 (cf. [48] ). For background on these completions, see [49] , [63] , [48] , [31, (4.11) -(4.15)], and [42, Section 1.3] .
As the bibliographies in the monographs [31] , [32] , [34] , and [42] attest, there is a huge literature devoted to the study and characterization of the locally compact groups that enjoy additional special topological properties. We work here in a parallel vein, but now in the class of locally precompact groups. Most of our results, when restricted back to the locally compact case, will be unsurprising, and in some cases familiar, to the reader.
The paper is organized as follows. After introductory material in §1, we characterize in §2 those locally precompact groups that are locally realcompact (Theorem 2.22); they are the Dieudonné complete groups, or equivalently, the groups that are G δ -closed in their completions. In §3, we find internal (intrinsic) characterizations of those locally precompact groups that are hereditarily realcompact (Theorems 3.5), while in §4 we address the relations among connectedness properties of locally precompact groups (emphasizing the locally pseudocompact case) and their completions; here, the principal result is that a locally pseudocompact group is locally connected if and only if its completion is locally connected (Theorem 4.15) . §5 is devoted to proving that within the class of locally precompact abelian groups, the groups A that are topologically isomorphic to a group of the form ( G) 0 ∩G with G locally pseudocompact are exactly the precompactly generated groups (Theorem 5.6); thus, in particular, every connected precompact abelian group A is topologically isomorphic to the connected component of a pseudocompact group. That theorem was established in [7, 7.6] when A in addition is torsion-free, and was developed further in [12, 3.6 ].
Definitions, notations, and preliminaries
All topological spaces here are assumed to be Tychonoff. Except when specifically noted, no algebraic assumptions are imposed on the groups; in particular, our groups are not necessarily abelian. A "neighborhood" of a point means an open set containing the point. The collection of neighborhoods of the identity in a topological group G is denoted by N (G). The next theorem explains the origin of the term precompact, and relates it to the completion. Theorem 1.1. ( [42, 3.5] ) Let G be a topological group, and X ⊆ G a subset. Then X is precompact if and only if cl G X is compact.
For a space X, we denote by βX and υX its Stone-Čech compactification and Hewitt realcompactification, respectively (cf. [22, 6.5, 8.4] and [21, 3.6.1, 3.11.16] ). A G δ -subset of a space (X, T ) is a set of the form n<ω U n with each U n ∈ T . The G δ -topology on X is the topology generated by the G δ -subsets of (X, T ). A subset of X is G δ -open (respectively, G δ -closed, G δ -dense) if it is open (respectively, closed, dense) in the G δ -topology on G.
Definition 1.2. A space X is pseudocompact if it satisfies the following equivalent conditions:
(i) every continuous real-valued map on X has bounded range; (ii) every locally finite family of non-empty open subsets of X is finite; (iii) X is G δ -dense in βX. Definition 1.2(i) was introduced by Hewitt, who established the equivalence of (i) and (iii) (cf. [30] and [22, 1.4] ). The equivalence of conditions (i) and (ii) was shown by Glicksberg (cf. [23, Theorem 2] and [21, 3.10.22] ).
Definition 1.3.
A topological group G is said to be locally pseudocompact if there is U ∈ N (G) such that cl G U is pseudocompact.
Since every pseudocompact subset of a topological group is precompact (cf. [9, 1.1] and [10, 1.11] ), every locally pseudocompact group is locally precompact. Numerous equivalent definitions of local pseudocompactness are provided in Theorem 1.4 below, which summarizes the main results of [10] . (The paper [10] generalizes to the local context the results of [9] .) Theorem 1.4. ([10] ) Let G be a topological group. The following statements are equivalent:
(iv) G is locally precompact, and β(cl G U) = cl G U for every precompact U ∈ N (G); (v) G is locally precompact, and βG = β G; (vi) G is locally precompact, and υG = υ G; (vii) G is locally precompact, and G δ -dense in G.
Next, for the sake of completeness, we recall a well-known technical lemma concerning open subgroups of dense subgroups, which will be used several times in this paper. We denote by H(G) the set of open subgroups of a topological group G, and we set o(G) := H(G). We note for emphasis that in Lemma 1.5, no normality conditions are imposed on any subgroups.
Lemma 1.5. Let G be a topological group, and D a dense subgroup. Then:
(a) the maps
, and thus they are order-preserving bijections; (a) υX := {p ∈ βX | each continuous map from X to R extends continuously to p}; (b) γX := {p ∈ βX | each continuous map from X to a metric space extends continuously to p}. 
Local and global realcompactness and Dieudonné completeness
Realcompact spaces (under the name of Q-spaces) as well as the space υX were introduced by Hewitt (cf. [30, Definition 12, ). Accordingly, the space υX is called the Hewitt realcompactification of X. Similarly, honoring Dieudonné, the space γX is called the Dieudonné completion of X (cf. [11] ).
The definitions of realcompactness and Dieudonné completeness are similar, yet different. The distinction is best described by using the set-theoretic notion of Ulam-measurable cardinals. A cardinal number λ is said to be Ulam-measurable if there is a non-atomic countably additive measure µ : P(λ) → {0, 1} such that µ(λ) = 1. Ulam-measurable cardinals are called measurable in the text [22] , but we follow standard procedure in reserving that term for cardinals λ with a measure µ : P(λ) ։ {0, 1} that is <λ-additive in the sense that every A ⊆ λ with |A| < λ satisfies µ(A)= 0. Discussion 2.6. The existence of Ulam-measurable cardinals cannot be proven in ZFC-that is, their non-existence is consistent with the axioms of ZFC (cf. [40, IV.6.9, VI.4.13]). Most set theorists (appear to) believe that the existence of an Ulam-measurable cardinal is consistent with the axioms of ZFC, but that has not been established (cf. [40] Recall that a cellular family in a space X is a collection of non-empty, pairwise disjoint open subsets of X. The cellularity of X is defined by the relation c(X) := sup{|U| : U is a cellular family in X}.
The following consequence of a theorem of Shirota (cf. [53] ) provides a sufficient condition for Dieudonné complete spaces to be realcompact. [21, 3.11.1] ). Thus, the notion of realcompactness is a natural complement to that of pseudocompactness. While Theorem 1.4 provides a complete "internal" characterization of locally pseudocompact groups, we are aware of no parallel intrinsic characterization of (locally) realcompact groups. In this section, we remedy this deficiency for locally precompact groups. Since every Lindelöf space is realcompact (cf. [22, 8.2] and [21, 3.11.12] ), a complete description of realcompact groups is beyond the scope of this paper. Our approach is based on an argument that was used in [5, Section 4], which we formulate here explicitly.
For a topological space X, a zero-set in X is a set of the form f −1 (0), where f is a real-valued continuous function on X. A subset Y ⊆ X is z-embedded in X if for every zero-set Z in Y, there is a zero-set W in X such that Z = W ∩Y. (To our best knowledge, this concept was first introduced into the literature by Isbell [36] , and explicitly by Henriksen and Johnson [28] ; see also Hager [27] for additional citations and applications.) One says that X is an Oz-space if every open subset of X is z-embedded (cf. [3] ). Recall that a subset F ⊆ X is regular-closed if F = cl X (int X F ), or equivalently, if F = cl X U for an open subset U ⊆ X. Blair has characterized Oz-spaces in several ways. (i) X is an Oz-space; (ii) every dense subset of X is z-embedded in X; (iii) every regular-closed subset of X is a zero-set in X. 
Therefore, K is a regular-closed subset of the Oz-space G (cf. Theorem 2.12), and by Theorem 2.11(a), K is an Oz-space. So, by Theorem 2.10, every dense subset of K is z-embedded in K. In particular, F is z-embedded in K. Hence, by Theorem 2.11(b), υF is the G δ -closure of F in υK.
Remark 2.15. In developing our proof of Lemma 2.14, we have followed the authors of [10, 2.3] in relying on the results cited from [50] , [4] , and [3] . We note that alternative sources for equivalent statements are available in the literature: The fact that every locally compact group is (in our terminology) an Oz-space follows immediately fromŠčepin's results (cf. [51] and [52] ); Tkachenko has shown that every G δ -dense subspace of an Oz-space is C-embedded (cf. [ 
57, Theorem 2]).
A topological space X is said to be locally realcompact (respectively, locally Dieudonné complete) if for every x ∈ X, there is a neighborhood U of x such that cl X U is realcompact (respectively, Dieudonné complete). Since our spaces are Tychonoff, and the properties in question are inherited by closed subspaces, it is clear that a space X is locally realcompact (respectively, locally Dieudonné complete) if and only if for each x ∈ X and neighborhood U of x there is a neighborhood V of x such that cl X V is realcompact (respectively, Dieudonné complete) and cl X V ⊆ U. Echoing the relationship between a locally compact space and its Stone-Čech compactification, a space X is locally realcompact (respectively, locally Dieudonné complete) if and only if X is open in its Hewitt realcompactification υX (respectively, in its Dieudonné completion γX) (cf. [43, 2.11] ).
In order to characterize global and local realcompactness and Dieudonné completeness in the class of locally precompact groups, one introduces a cardinal invariant. Definition 2.16. Let τ be an infinite cardinal, and G a topological group.
(a) A subset X of G is said to be τ -precompact if for every U ∈ N (G), there is S ⊆ X that satisfies |S| ≤ τ and X ⊆ (SU)∩(US) (cf. "τ -bounded" in [26] ). (b) The precompactness index ip(X) of a subset X of G is the least infinite cardinal τ such that X is τ -precompact (cf. "index of boundedness" in [58] ).
Remark 2.17. We note that the precompactness index is not a topological invariant of a space X, but rather of the way a space X is placed in G. Indeed, homeomorphic subspaces of a given group G may have different precompactness indices, as the following example shows: Let λ > ω be a cardinal, E a discrete group of cardinality λ, put G := (Z/2Z) λ ×E, and let D be a discrete subset of cardinality λ of (Z/2Z) λ . (For instance, one can take D to be the set of elements with precisely one non-zero coordinate.) Then D×{e} and {e}×E are homeomorphic, but D is precompact, and so ip(D×{e}) = ω, while ip({e}×E) = λ. Nevertheless, if H is a subgroup of G that contains X, then X has the same precompactness index in H and in G (cf. [42, 2.24 
In what follows, we need the following elementary properties of the precompactness index. (Theorem 2.18 below has an obvious analogue for cardinals λ ≥ ω, but we require only the case λ = ω.) 
Theorem 2.19. Let G be a topological group, and X a subset of G.
In [5] , the authors used the compact covering number κ(X) (i.e., the smallest number of compact subsets of X that cover X) to characterize realcompactness in the context of locally compact groups. It is easily seen that ip(L) = ω · κ(L) for every infinite locally compact group L. Theorem 2.19(b) indicates that for locally precompact groups, the precompactness index is the correct cardinal invariant to consider.
Theorem 2.20. Let G be a locally precompact group, and U
⊆ G an open subset. Then: (a) c(U) ≤ ip(U); (b) if cl G U is Dieudonné complete and ip(U) < m, then cl G U is realcompact.
PROOF. (a) Since ip(U)
is independent of the ambient group G, by replacing the group G with the subgroup U generated by U if necessary, we may assume that G = U . Thus, by Theorem 2.19,
Since G is locally precompact, its completion G is locally compact, and so Z/2Z, and equip G with the group topology whose base at zero consists of subgroups H α := {x ∈ G | x β = 0 for all β < α}, where α < ω 1 . Since the quotient G/H α is countable for every α < ω 1 , it follows that ip(G) = ω, and thus, by Theorem 2.19(a), ip(U) = ω for every open subset U of G. On the other hand, if e (γ) ∈ G is such that e We now turn to identifying locally realcompact groups within the class of locally precompact groups. Unexpectedly, these prove to be exactly the (locally) Dieudonné 
PROOF. The logical scheme of the proof is as follows:
The implications (iv) ⇒ (v) ⇒ (vi), and (viii) ⇒ (ix) are obvious.
Thus, G and G are homeomorphic (as topological spaces) to H×(G/H) and M ×( G/M), respectively, where both G/H and G/M are discrete (cf. [31, 5.26] ). By Lemma 1.5(c), one has |G/H| = | G/M|. Therefore, we obtain the following commutative diagram with the horizontal arrows representing homeomorphisms (as topological spaces):
Hence, the statement follows from the fact that H is G δ -closed in M.
(iv) ⇒ (i): Since G is locally precompact, G is locally compact, and by Theorem 2.3(c), G is Dieudonné complete. Thus, by Theorem 2.3(a), G is Dieudonné complete, being G δ -closed in G.
(i) ⇒ (vii): Let H be an ω-precompact open subgroup of G. Then H is closed in G, and so by Remark 2.2(c), H is Dieudonné complete. As ip(H) ≤ ω, by Theorem 2.20(b), H is realcompact.
(vii) ⇒ (viii): Since G is locally precompact, there exists U ∈ N (G) such that U is precompact. Then ip(U) ≤ ω, and so by Theorem 2.19(c), one has ip( U ) = ip(U) ≤ ω. Therefore, H := U is an ω-precompact open subgroup of G. Hence, by (vii), H is realcompact.
(ix) ⇒ (ii): Let H be a Dieudonné complete open subgroup of G. Then H is closed, and thus G is locally Dieudonné complete.
(ii) ⇒ (iii): Let U ∈ N (G) be such that cl G U is Dieudonné complete. Since G is locally precompact, there is V ∈ N (G) such that V is precompact. Put W := U∩V. By Theorem 2.19(a), one has ip(W ) ≤ ip(V ) ≤ ω < m. By Remark 2.2(c), cl G W is Dieudonné complete, being a closed subspace of cl G U. Therefore, by Theorem 2.20, cl G W is realcompact. Hence, G is locally realcompact.
(iii) ⇒ (iv): Let U ∈ N (G) be such that F := cl G U is realcompact. By replacing U with U ∩U
if necessary, we may assume that U is symmetric (i.e., U = U −1 ). Put K := cl G U and V := int G K. Since U is symmetric, so are K and V. By Lemma 2.14, F = υF is the G δ -closure of F in υK. In particular, F is G δ -closed in K. Let x ∈ G\G. We may pick g ∈ (V x)∩G, because G is dense in G; one has x ∈ V g, as V is symmetric. Since Fg ⊆ G and x ∈ G, clearly x ∈ Fg. Thus, there is a G δ -set
) is a G δ -set in G that contains x, and it satisfies
Hence, G is G δ -closed in G, as desired.
The next theorem was inspired by [5, 3.8] . 
Thus, | G/M| <m, and so by Theorem 2.7, the discrete space G/M is realcompact. On the other hand, by Lemma 1.5(a), M ∈ H( G), and so G is homeomorphic (as a topological space) to M ×( G/M). Hence, by Remark 2.2(c), G is realcompact, being homeomorphic to a product of realcompact spaces.
(v) ⇒ (vi): By Lemma 2.14, υG is the
Since G is realcompact, in particular, it is locally realcompact. In order to show that ip(G) <m, let V ∈ N (G). Pick an ω-precompact open subgroup H of G. (The existence of such a subgroup H follows from the local precompactness of G, as in the proof of Theorem 2.22.) Then H can be covered by countably many translates of V, and so G can be covered by at most ω · |G/H|-many translates of V. Thus, one has ip(G) ≤ ω|G/H|, and it suffices to show that |G/H| <m. Let X be a set of representatives for G/H, that is, |X∩(Hg)| = 1 for every g ∈ G. Then X is discrete and closed in G (because each Hg is open), and consequently, X is a discrete realcompact space. Hence, by Theorem 2.7, |X| = |G/H| <m, as desired.
Remark 2.24.
(a) Suppose that Ulam-measurable cardinals exist, and put G := (Z/2Z) m , where G is equipped with the product topology. Since G is compact, it is realcompact and ω-precompact, and thus G satisfies all conditions of Theorem 2. 
Therefore, X is discrete and closed in G, and of non-Ulam-measurable cardinality, contrary to (vi).
Hereditary realcompactness
A topological space X is hereditarily realcompact if every subspace of X is realcompact. In this section, we characterize hereditary realcompactness in the class of locally precompact groups with a "well-behaved" conjugation structure. We rely in this section on the following properties of hereditary realcompactness. Recall that a topological space X has countable pseudocharacter if every singleton in X is a G δ -set (cf. [42, 2.1] Clearly, if X admits a coarser first-countable topology, then every singleton in X is the intersection of countably many open subsets, and thus X has countable pseudocharacter. For locally precompact groups, the converse is also true.
Theorem 3.3. Let G be a locally precompact group. Then G has countable pseudocharacter if and only if G admits a coarser homogeneous metrizable topology. Moreover, in this case, the metric can be taken to be left invariant.
In order to prove Theorem 3.3, we use the following classic result (see also the paragraph following the proof of the theorem). Then the coset space L/M is metrizable if and only if it is first-countable. Moreover, in this case, the metric can be taken to be left invariant.
PROOF OF THEOREM 3.3.
Since necessity is clear, we focus on sufficiency of the condition. Put L := G, and suppose that G has countable pseudocharacter, that is, G is discrete in the G δ -topology.
Then there is a G
Since G is locally precompact, its completion L is locally compact.
V n . It is easily seen that M is a closed subgroup; it is compact, because M ⊆ cl L V 0 . We turn our attention to the coset space L/M. It follows from the construction that
, and so L/M has countable pseudocharacter. Since L is locally compact and the [31, 5.22] ). Therefore, L/M is first-countable, because every locally compact space of countable pseudocharacter is firstcountable (cf. [21, 3.3.4] ). By Theorem 3.4, this implies that L/M is metrizable, and its metric can be taken to be left invariant (under the action of L). Finally, it follows from property (ii) that M ⊆ A, and so M ∩G = {e}. Hence, the restriction π |G is injective; its image is metrizable and homogeneous, because G acts on it continuously (and transitively) from the left. This completes the proof, because the topology of π(G) is the desired coarser homogeneous topology generated by a left invariant metric.
We do not know whether every locally precompact group G with countable pseudocharacter admits a coarser metrizable group topology. The answer is clearly affirmative if the subgroup M constructed in the proof of Theorem 3.3 is normal in L, because then the quotient L/M is itself a metrizable topological group. This is obviously the case when G is abelian. The same conclusion can also be achieved by using a Kakutani-Kodaira style argument when G is a (not necessarily abelian) ω-precompact group. Indeed, in the latter case, by Theorems 2.19(b) and 2.18, the completion L of G is locally compact and σ-compact. (For the Kakutani-Kodaira theorem, we refer the reader to the second edition of [31, 8.7] .) Theorem 3.5. Let G be a locally precompact group. The following statements are equivalent:
(i) G is hereditarily realcompact; (ii) G has countable pseudocharacter, and |G| < m; (iii) G has countable pseudocharacter, and ip(G) < m; (iv) G admits a coarser homogeneous metrizable topology, and |G| < m; (v) G admits a coarser homogeneous metrizable topology, and ip(G) < m.
PROOF. The equivalences (ii) ⇔ (iv) and (iii) ⇔ (v) follow by Theorem 3.3, while (ii) ⇒ (iii) is clear, because ip(G) ≤ |G|.
(i) ⇒ (ii): If G is discrete, then clearly it has countable pseudocharacter, and so we may assume without loss of generality that G is not discrete. Let g ∈ G, and put X := G\{g}. Since G is not discrete, X is dense in G. By Corollary 2.13, G is an Oz-space, and thus by Theorem 2.10, X is z-embedded in G. Therefore, by Theorem 2.11(b), υX is the G δ -closure of X in υG. By (i), both X and G are realcompact, and so X is G δ -closed in G. Hence, G\X ={g} is G δ -open. Since every G δ -open singleton is a G δ -set, the group G has countable pseudocharacter.
The G δ -topology on G is finer than the topology of G, and so by Theorem 3.1, the G δ -topology on G is hereditarily realcompact. On the other hand, since G has countable pseudocharacter, the G δ -topology is discrete on G. Therefore, by Theorem 2.7, |G| < m, as desired.
(iii) ⇒ (i): The group G equipped with the G δ -topology is discrete, because it has countable pseudocharacter. Thus, G is G δ -closed in G, since (in every topological group) every discrete subgroup is closed (cf. [42, 1.51] 
then L is hereditarily realcompact if and only if it is metrizable.
Theorem 3.5 guarantees only the existence of a coarser homogeneous metrizable topology, but falls short of providing a coarser metrizable group topology. So far as we are aware, such a group topology is available only under some additional assumptions on the algebraic and topological structure of the group.
A topological group G is said to be ω-balanced if for every U ∈ N (G), there is V U ⊆ N (G) such that for every x ∈ G, there is V ∈ V U that satisfies x −1 V x ⊆ U, and |V U | ≤ ω (cf. [42, 2.7] ). The class of ω-balanced groups was introduced by Kac (under the name of groups with a quasi-invariant basis), who also proved that a group is ω-balanced if and only if it embeds as a topological group into a product of metrizable groups (cf. [38] and [42, 2.18] ). (For the sake of correct historical presentation, we note that questions related to embedding of topological groups into the product of groups of a certain class were first studied by Graev [24] ; Kac's results were generalized later by Arhangel'skiǐ [1] and Guran [26] .) Thanks to the following theorem due to Kac, ω-balanced groups lend themselves to a more elegant characterization of hereditary realcompactness. , and also the so-called balanced groups (i.e., groups whose left and right uniform structures coincide; cf. [42, 1.25] ). By Theorem 3.7, if G is an ω-balanced locally precompact group, then the conditions (iv ′ ) G admits a coarser metrizable group topology, and |G| < m, and (v ′ ) G admits a coarser metrizable group topology, and ip(G) < m, may be added to the equivalent conditions listed in Theorem 3.5.
Since every metrizable precompact group has cardinality at most c, Theorem 3.5 can be stated in a simple form for precompact groups, and it implies portions of [5, 4.6] and [29, 3.3] .
Corollary 3.9. For every precompact group G, the following statements are equivalent:
(i) G is hereditarily realcompact; (ii) G has countable pseudocharacter; (iii) G admits a coarser metrizable group topology, and |G|≤ c.
Connectedness properties
With Theorems 4.2 and 4.3 below in mind as motivation, we investigate in this section the relationship between connectedness properties of locally precompact (or locally pseudocompact) groups and their completions. 
One may wonder whether the conclusions of Theorems 4.2 and 4.3 hold for locally precompact groups. Examples 4.4(a)-(e) provide a negative answer to this question. Moreover, as Example 4.4(d) and Theorem 5.6 indicate, the relation G 0 = q(G) fails for some pseudocompact abelian groups. When G and H are topological groups, we use the symbol G ∼ = H to indicate that G and H are topologically isomorphic, that is, there is a bijection from G onto H that is simultaneously an algebraic isomorphism and a topological homeomorphism.
Examples 4.4.
(a) Comfort and van Mill showed that there exists a pseudocompact abelian group G such that G 0 = q(G) = {0}, but G is not zero-dimensional (cf. [7, 7.7] ). Thus, Theorem 4.3 fails not only for locally precompact groups (or locally pseudocompact ones), but even for pseudo-compact groups. Nevertheless, it is possible to characterize zero-dimensional quotients of locally pseudocompact groups (Theorem 4.9). (b) Ursul showed that there is a subgroup G of the group R 2 in its usual topology such that G 0 = {0} and q(G) ∼ = Z (cf. [60] ). Thus, the equality G 0 = q(G) in Theorem 4.2 fails for the (locally precompact) group G. Since G 0 ⊆ q(G) and q(G) is discrete, it follows that G 0 = {0}. Thus, the equality G 0 = q(G) in Theorem 4.2 fails even for some pseudocompact abelian groups. (e) The iterated quasi-components q(G), q(q(G)), . . . , q α (G) of a topological group G define a descending chain of normal subgroups of G indexed by ordinals. Dikranjan showed that for every ordinal α, there is a pseudocompact abelian group H such that H 0 = q α (H), but H 0 q β (H) for every β < α (cf. [13, Theorem 11] and [15, 1.4.10] ). Dikranjan's construction is the most striking illustration known to the authors of how big the gap between G 0 and q(G) can be.
We show now that the equality q(G) = o(G) in Theorem 4.2 does hold for locally pseudocompact groups. The following theorem generalizes [12, 1.4] , which treats the same property in the case of pseudocompact groups. 
as desired.
Theorem 4.6. Let G be a locally precompact group, and consider the following statements:
Furthermore, if G is locally pseudocompact, then all three conditions are equivalent.
In order to prove Theorem 4.6, we rely on a well-known relationship between the connectedness of a space and its Stone-Čech compactification: Connectedness is not the only property that holds for a locally pseudocompact group if and only if it holds for its completion. The same is true for the other extreme, namely, zero-dimensionality. 
PROOF.
Suppose that G is zero-dimensional. Then its topology has a clopen base at e, and thus βG has a clopen base at e (cf. [22, 6L.2] ). Since G is locally pseudocompact, by the implication (i) ⇒ (v) of Theorem 1.4, one has βG = β G. Therefore, G admits a clopen base at e. This shows that G is zero-dimensional. Since G is a subspace of G, the converse is obvious.
In connection with the proof of Theorem 4.8, it is well to recognize that although the zerodimensional property is inherited by all subspaces, there are zero-dimensional spaces X for which βX is not zero-dimensional (cf. [21, 6.2.20] and [22, 16P.3] ). In particular, a zero-dimensional space in our terminology need not have Lebesgue covering dimension zero.
We already noted in Example 4.4(a) that the conclusion of Theorem 4.3 fails for certain (locally) pseudocompact groups. Nevertheless, it is possible to obtain a meaningful characterization of zero-dimensional quotients of such groups. 
In the proof of Theorem 4.9, we rely on the following lemma, which is a variant on a theorem of Sulley that was extended to the non-abelian case by Grant (cf. [55] and [25, 1.3] ). PROOF. Lemma 4.14 proves the implication ⇒. For ⇐, let V ∈ N (G). There is W ∈ N (G) such that cl G W ⊆ V and W is precompact. Then there is W ′ ∈ N ( G) such that W = W ′ ∩G, and thus
Let C denote the connected component of the identity in W ′ . Since G is locally connected, one has C ∈ N ( G). Consequently, U = C ∩G ∈ N (G), and U ⊆ W ′ ∩G = W ; in particular, U is precompact. Since G is locally pseudocompact, using Theorem 1.4, we obtain that
which is connected, being a closure of the connected set C. Therefore, by Theorem 4.7, cl G U is connected. Finally, observe that e ∈ U ⊆ cl G U ⊆ cl G W ⊆ V, as desired.
Example 4.16. Let G = Q/Z. Clearly, G = R/Z is compact, connected, and locally connected; in particular, G is precompact. It is obvious (and also follows from Theorem 4.6) that the group G has no proper open subgroups. However, G is zero-dimensional (cf. [21, 6.2.8] ). This shows that the assumption of local pseudocompactness in Theorems 4.6 (the implication (ii) ⇒ (i)) and 4.15 cannot be omitted even for precompact groups.
Which locally precompact abelian groups occur as a quasi-component?
In order to answer the question in the title of this section, some further terminology is required.
Recall that a topological group is compactly generated if it is generated algebraically by some compact subset. Since every connected group is generated by every neighborhood of its identity (cf. [42, 1.30] ), every connected locally compact group is compactly generated. We use additive notation for abelian topological groups. We put T = R/Z, which is the circle group written additively. Recall that if p is a prime number, then the group Z p of p-adic integers is the (projective) limit of the quotients Z/p n Z. PROOF. Let X ⊆ G be a precompact set such that G = X . Then, by Theorem 1.1, Y := cl G X is compact. Since G is locally precompact, G is locally compact, and so there is V ∈ N ( G) such that cl G V is compact. It is easy to see that the compact set
Conversely, suppose that G is compactly generated, that is, G = K , where K is compact. Since G is locally precompact, its completion G is locally compact, and so there is
For a topological space X, we denote by w(X) the weight of X, that is, the smallest possible cardinality of a base for the topology of X. (i) G is precompactly generated; (ii) G is topologically isomorphic to a subgroup of a connected locally compact abelian group C. Furthermore, (a) if G is infinite, then the group C in (ii) may be chosen such that w(C) = w(G); (b) if G is precompact, then the group C in (ii) may be chosen to be compact.
Theorem 5.3 is a generalization to locally precompact groups of the statement that every compactly generated locally compact abelian group is a topological subgroup of a connected locally compact abelian group (cf. [31, 9.8] and [54, 23.11] ).
In order to prove Theorem 5.3, we rely on the following known, albeit perhaps not sufficiently well-known, result of Morris. We are grateful to Kenneth A. Ross for directing us to the cited references. (Since w(G) = w( G), doing so does not affect the statement concerning equality of weights.) Consequently,
, where M is the maximal compact subgroup of G, and a, c ∈ N (cf. [31, 9.8] and [54, 23.11] ). Since M is a subgroup of G, one has w(M) ≤ w(G), and so M is topologically isomorphic to a subgroup of T
w(G)
. The group Z c is a subgroup of R c . Therefore, M × R a × Z c is topologically isomorphic to a subgroup of the connected group C := T w(G) × R a+c . (a) If G is infinite, then w(G) is infinite, and hence w(C) = w(T w(G) ) = w(G). (b) If G is precompact, then G is compact, and so a = c = 0. Thus, the group C := T w(G) is compact, and G is topologically isomorphic to a subgroup of C.
(ii) ⇒ (i): Suppose that G ∼ = S, where S is a subgroup of C. Since C is connected, it is compactly generated. Thus, by Theorem 5.4, cl C S is compactly generated too, and so G is compactly generated, because it is topologically isomorphic to cl C S. Hence, by Lemma 5.2, G is precompactly generated.
We are now ready to answer the question in the title of the section. Theorem 5.6 follows the pattern of a number of known "embedding" results, which state that certain (locally) precompact groups embed into (locally) pseudocompact groups as a particular (e.g., functorial) closed subgroup (cf. [6, 2.1], [61] , [7, 7.6] , [62] , and [12, 3.6] ). We are grateful to Dikran Dikranjan for suggesting that Theorem 5.6 might also hold for locally precompact abelian groups (rather than simply for precompact abelian groups, as it appeared in an early version of this manuscript), and for drawing our attention to the possibility of choosing G so that w(G) = w(A). In the proof of Theorem 5.6, we rely on a well-known theorem and a technical lemma that are presented below.
we are interested in E only as an abstract group, and ignore its topological properties.) By Theorem 5.7, C is divisible, and thus E is divisible as well. Since |E| ≤ |C| ≤ 2 w(C) = 2 λ , the subgroup G := Z 
where ϕ is the homomorphism constructed in Lemma 5.8.
(a) If w(A) ≥ ω 1 , then A is infinite, and therefore by Lemma 5.3(a), C may be chosen such that w(C) = w(A). Hence,
as required.
(b) If A is precompact, then by Lemma 5.3(b), C may be chosen to be compact. Thus, the group L is compact, being a product of two compact groups. Therefore, the G δ -dense subgroup G of L is pseudocompact (cf. [9] ).
(c) If A is connected and G is the group provided by (ii), then q(G) is connected, and therefore G 0 = q(G). Hence, the statement follows by (ii).
(ii) ⇒ (i): Since G is locally pseudocompact, its completion G is locally compact, and thus ( G) 0 is a connected locally compact abelian group. By our assumption, A is topologically isomorphic to a subgroup of ( G) 0 , specifically, to ( G) 0 ∩G. Hence, by Theorem 5.3, A is precompactly generated.
Remark 5.9. We note that when A is metrizable, the indicated equivalence of Theorem 5.6 holds, but the choice of G with w(G) = w(A) may be impossible. Indeed, if A is metrizable and precompactly generated, then w(A) = ω. Consequently, if G is a locally pseudocompact group such that w(G) = w(A), then G is locally compact. Thus, q(G) is locally compact (being a closed subgroup of G), and by Theorem 4.2, q(G) is connected. Hence, A can be topologically isomorphic to q(G) only if A itself is connected and locally compact; in that case, one can take G = A. In particular, for A := Q, no locally pseudocompact G can satisfy both (ii) of Theorem 5.6 and w(G) = w(A).
